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Let G be a nite group and let M be a maximal subgroup of G. Let K/L be
a chief factor of G such that L ≤ M and G = MK. We call the group M ∩ K/L
a c-section of M in G. All c-sections of M are isomorphic. Using the concept of
c-sections, we obtain some new characterizations of solvable and pi-solvable groups.
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1. INTRODUCTION AND PRELIMINARIES
All the groups in this paper are nite groups.
The relationship between the properties of maximal subgroups of a -
nite group G and the structure of G has been studied extensively. Recall
that a subgroup H of a group G is called c-normal in G if there is a
normal subgroup K of G such that G = HK and H ∩ K ≤ HG where
HG = CoreGH. Deskins [D] introduced the concept of a normal index
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of a maximal subgroup. The normal index of a maximal subgroup M of G,
denoted by ηG x M, is the well-dened order of a chief factor K/L of
G, where K is a minimal normal supplement to M in G. Both c-normality
and the normal index are good for characterising the solvability of a group
[D,W].
In this paper we introduce the concept of c-sections of a maximal sub-
group, which is related to c-normality and the normal index. Using this
concept, we obtain some new characterisations of solvable and pi-solvable
groups. A number of known results on c-normality and the normal index
are generalised.
Denition 1.1. Let M be a maximal subgroup of a group G and K/L
be a chief factor of G such that L ≤ M while K 6⊆ M . We call the group
M ∩K/L a c-section of M .
Lemma 1.1. For any maximal subgroup M of a group G, there is a unique
c-section of M up to isomorphism.
Proof. It is obvious that the c-sections always exist. We only need to
prove that all of the c-sections of M are isomorphic.
(1) First of all, we prove that all c-sections of M with L = MG are
isomorphic. That is, K1 ∩M/MG ∼= K2 ∩M/MG if K1/MG and K2/MG
are two chief factors of G.
In fact, G/MG is a primitive group with a stabiliser M . If G/MG has a
unique minimal normal subgroup, then K1 = K2 and we are done. Now by
[DH, A, Theorem 15.2] G/MG has exactly two minimal normal subgroups
K1/MG and K2/MG such that K1/MG ∼= K2/MG and K1 ∩M = MG =
K2 ∩M . Hence we have that both K1 ∩M/MG and K2 ∩M/MG are
the identity group.
(2) Let K ∩M/L be a c-section of M where K/L is a chief factor
of G and K is a supplement to M in G. Denote U to be MGK. Then
U/MG is a chief factor of G and U ∩M/MG is a c-section of M with
U ∩M/MG ∼= K ∩M/L.
We complete the proof by combining (1) and (2).
By Lemma 1.1, every maximal subgroup M has a unique c-section up to
isomorphism. Particularly, all c-sections of M have the same order. Hence
it is reasonable to introduce the following
Denition 1.2. Given a maximal subgroup M of a group G, we dene
(1) SecM is the abstract group which is isomorphic to a c-section
of M (and hence to every c-section of M).
(2) We call the natural number η?G xM = SecM c-index of M
in G.
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The basic relationship between c-normality and c-sections for a maximal
subgroup M is the following:
Lemma 1.2. Let M be a maximal subgroup of a group G. Then M is
c-normal in G if and only if SecM is trivial.
Proof. If SecM is the identity then by denition M is c-normal in
G. Conversely, assume that M is c-normal in G. By the denition of c-
normality, there is a normal subgroup N of G such that G = MN with
M ∩ N ≤ MG. Thus M ∩ N = MG ∩ N ÅG and so N/M ∩ N is a chief
factor of G as M is maximal in G. Therefore SecM = 1.
Now we can state [W, Theorem 3.1] in terms of the c-section:
Theorem 1.1. A nite group G is solvable if and only if SecM is the
identity for every maximal subgroup M of G.
The following elementary results is very helpful in our further proofs.
Lemma 1.3. Let N ≤M < G and M be maximal in G and N GG. Then
SecM is isomorphic with SecM/N.
Proof. This follows immediately from Lemma 1.1. In fact, M/N is a
maximal subgroup of G/N . Let K/N/L/N be a chief factor of G/N
satisfying that L/N ≤M/N and K/NM/N = G/N . The K/L is a chief
factor of G with the property G = KM and L ≤ M . Hence SecM ∼=
K ∩M/L ∼= SecM/N.
Lemma 1.4. Let M be a maximal subgroup of a group G. Then we have
η?G xM = ηG xM/G xM:
Proof. Let K/L be a chief factor of G such that G = MK and K is
minimal in the set of normal supplements to M in G. Then ηG x M =
K x L by the denition of the normal index and L ≤M . Thus ηG xM =
K x L = K x K ∩M K ∩M x L = G xMη?G xM, and the conclusion
follows.
Denition 1.3. Given a group G, a prime p, and a Sylow p-subgroup
P of G, we dene the following families of subgroups:
(1) F = MM is a maximal subgroup of G.
(2) Fc = MM ∈ F and G xM is a composite number:
(3) Fp = MM ∈ F and G xMp = 1.
(4) Fpc = Fp ∩ Fc .
(5) F p = MM is a maximal subgroup of G and NGP ≤M.
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(6) F pc = MM ∈ Fc and NGP ≤M = Fp ∩ Fc .
(7) H = Sp odd F p.
It is clear that F pc ⊆ Fpc ⊆ Fp and F pc ⊆ F p ⊆ Fp. Moreover, F p is
empty ⇔ G has a normal (perhaps trivial) Sylow p-subgroup. F p is empty
⇔ G is a p-group. The structure of G is investigated when some of the
sets are empty [W].
Notation is standard. In addition, if pi is a given set of prime numbers
and n is a positive integer, denote by npi the pi-part of n.
2. RESULTS
In this section we prove some results on the solvability and the pi-
solvability of a group by means of c-sections of maximal subgroups.
By Theorem 1.1, if G is solvable then SecM = 1 for every maximal
subgroup M of G. To characterise the solvability of a group it is therefore
desirable to restrict the hypothesis of the theorems to subfamilies of maxi-
mal subgroups which are as small as possible and the SecM to a class as
large as possible.
First we consider restriction for only one maximal subgroup. Yanming
Wang [W, Theorem 3.4] states that a group G is solvable if and only if
there is a solvable maximal subgroup M of G which is c-normal in G.
A classical result of DeskinsJankoThompson (the DJT Theorem) states
that a group is solvable if G has a nilpotent maximal subgroup with a Sylow
2-subgroup which has class at most 2 [H, IV.7.4 Satz].
Theorem 2.1. A group G is solvable if and only if there is a solvable
maximal subgroup M of G such that SecM is nilpotent and the Sylow 2-
subgroup of SecM is Z2 o Z2-free or has class at most 2.
Proof. The necessity of the condition holds trivially.
Conversely, assume that SecM is nilpotent and Z2 o Z2-free for a solv-
able maximal subgroup M of G. We will show that G is solvable. The
argument proceeds by induction on G. If MG > 1, as Lemma 1.3 implies
that G/MG satises the hypothesis, an obvious induction yields that G/MG
is solvable and hence G is solvable. We hence may assume that MG = 1
and let N be a minimal normal subgroup of G. Then N is a chief factor of
G and N 6⊆M , so SecM ∼= N ∩M by denition.
Consider the case when N ∩M = 1. Let L be a minimal normal subgroup
of M . As M is solvable, L is a p-group for some prime p. We have L ∩
N = 1 and NGL = M , and thus N is a p′-group and CNL = 1. By
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[K, Theorem 7.5] for every prime divisor q dividing N there is a unique
L-invariant Sylow q-subgroup Q of N . On the other hand, QmL = QLm =
Qm for any m ∈ M , so the uniqueness of Q forces that Qm = Q for any
m ∈M . Hence Q is M-invariant. By the maximality of M we conclude that
N is a q-group and G is solvable, as desired.
Consider the case when N ∩M 6= 1. We have SecM ∼= N ∩M and thus
N ∩M is nilpotent and Z2 o Z2-free by hypothesis. Let P > 1 be a Sylow
p-subgroup of N ∩M . It is clear that P is normal in M and NGP = M .
In particular, P is a Sylow subgroup of N since otherwise NGP > M .
Thus NNP ≤ N ∩M and hence NNP is nilpotent. If p = 2, since P
is Z2 o Z2-free, [Y, Theorem 4.2] implies that N is p-nilpotent. But since
N is a minimal normal subgroup of G, it follows that N is a p-group and
N = P ≤ M , contrary to MG = 1. If p is an odd prime, then we have
NGZJP ≤M and so NNZJP ≤ N ∩M is p-nilpotent. By Glauber-
man’s ZJ Theorem [HB, X.3.8] N is p-nilpotent; the same argument as
before yields a contradiction.
The proof of the Theorem is now complete.
Theorem 2.1 can be viewed as a generalisation of both [W, Theorem 3.4]
and the DJT Theorem because a nilpotent maximal subgroup has a nilpo-
tent c-section. Furthermore, we know from Theorem 1.1 that every maximal
subgroup of a solvable group has the identity section. So the generalisation
is nontrivial.
Theorem 2.1 will be false if one drops the restrictions on the Sylow 2-
subgroup of the c-section.
For example, the simple group PSL2; 17 has a nilpotent maximal sub-
group M and SecM ∼=M since G is simple.
Now we consider the case that SecM lies in a relative larger class.
We consider the class of 2-closed groups (i.e., the Sylow 2-subgroup of the
group is normal) which contains both the class of odd order groups and the
class of nilpotent groups.
Pettet [P] showed that a group G is 2-closed if and only if NGZJP is
2-closed for every Sylow subgroup P of G of odd order. Using this theorem,
we get our second main result.
Theorem 2.2. A group G is solvable if and only if SecM is 2-closed for
every maximal subgroup M ∈ H .
Proof. We only need to prove that if SecM is 2-closed for every max-
imal subgroup in H , then G is solvable. We prove it by induction on the
order of G.
Let N be a minimal normal subgroup of G. By Lemma 1.3 we know
that the quotient group G/N satises the hypothesis of the theorem, and
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so the induction implies that G/N is solvable. If G has two different mini-
mal normal subgroups N1 and N2, then G/N1 and N2 are both solvable and
G = G/N1 ∩N2, so G is solvable. Thus we may assume that G has a unique
minimal normal subgroup, and we denote it by N . We now claim that N is
solvable. Assume that this is false. Then N is a non-abelian characteristic
simple group. Let P > 1 be any Sylow subgroup of N of odd order. We may
assume that P = N ∩ P1 with P1 ∈ SylpG. The Frattini argument implies
that G = NGPN = NGZJPN . Since N is the unique minimal nor-
mal subgroup of G and P < N , we have that NGZJP < G. Note that if
ZJP char P ÅP1, we have that NGP1 ≤ NGZJP. Hence there is a
maximal subgroup M ∈ F p ⊆ H which contains NGZJP such that G =
MN and N 6⊆M . The uniqueness of N forces that MG = 1. So N = N/MG
is a chief factor of G. By denition SecM ∼=M ∩N . Now the hypothesis
implies that M ∩N is 2-closed, and hence NNZJP = N ∩NGZJP,
as a subgroup of M ∩ N , is also 2-closed. Applying Pettet’s theorem [P],
we have that N is 2-closed. Hence N is solvable by the Odd Order Theo-
rem. Now both G/N and N are solvable. It follows that G is solvable, as
desired.
Let G be a group. Let pi be a set of primes and p be a prime in pi.
Consider the family Mp of maximal subgroups of G dened by
Mp =
8>>>><>>>>:
F pc if pi = p and p is the largest prime divisor of G.
F p if pi = p and p is not the largest prime divisor of G.
F pc if pi ≥ 2 and p is the largest prime divisor of G.
Fp if pi ≥ 2 and p is not the largest prime divisor of G.
Theorem 2.3. Let G be a group. Let pi be a set of primes containing an
odd prime divisor p of G. Suppose that if 2 ∈ pi then 3; 5 ⊆ pi. Let Mp be
the family of maximal subgroups of G as dened above. Then the following
statements are equivalent:
(1) G is pi-solvable (i.e., r-solvable for every r ∈ pi).
(2) SecM is r-nilpotent for every maximal subgroup M of G and every
r ∈ pi.
(3) SecM is r-nilpotent for every maximal subgroup M ∈ Mp and
every r ∈ pi.
Proof. Statement (1) implies (2). This is clear as chief factors of a pi-
solvable group are either an r-group with r ∈ pi or a pi ′-group, and SecM
is isomorphic to a subgroup of a chief factor. Hence SecM is r-nilpotent
for every r ∈ pi .
That (2) implies (3) is trivial.
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Now we prove that (3) implies (1). Assume that it is false and G is a
minimal counterexample. Then
(a) G has unique minimal normal subgroup N and G/N is pi-
solvable.
Let N be a minimal normal subgroup of G and set G = G/N . If N = G,
we are done. So we assume that N < G. Let M/N ∈ Mp (of G/N). Then
we have that M ∈ Mp. By hypothesis SecM is r-nilpotent for every r ∈ pi.
Lemma 1.3 implies that SecM/N is r-nilpotent for every r ∈ pi. Therefore
G/N satises the hypothesis of the theorem. The minimal choice of G
implies that G/N is pi-solvable, as desired. Now a trivial argument implies
that N is the unique minimal normal subgroup of G. (a) holds.
(b) N is pi-solvable.
If this is false, then N cannot be solvable and N is a direct product of
some isomorphic non-abelian simple groups. Since N cannot be a pi ′-group,
we may assume that there exists a prime r ∈ pi ∩ piN. We choose an odd
prime divisor q of N as follows: q = p if p divides N; q = r if r is odd
and p does not divide N; q = 3 if r = 2, p /∈ piN but 3 ∈ piN; q = 5
if r = 2 and both p and 3 are not in piN but 5 ∈ piN. Note that the
order of a simple nonabelian group is divisible by 3 or 5, since the Suzuki
groups have order divisible by 5 and are the only simple groups of order
prime to 3. Furthermore, q lies in pi since if r = 2 ∈ pi, then we have that
3; 5 ⊂ pi by hypotheses.
Let Q be a Sylow q-subgroup of N . By Frattini’s argument, we have
G = NNGQ. By the choice of q we have that there is a Sylow p-subgroup
P of G which normalises Q. Let Y = ZJQ. Clearly NGY  ≥ NGQ and
NGY N = G. Of course, NGY  6= G since N > Y > 1. Let M be a
maximal subgroup of G with NGY  ≤ M . Then M ∈ Fp as P ≤ NGY 
and we have MN = G. Now we prove that
∗ M ∈ Mp.
Suppose rst pi ≥ 2. If p is not the largest prime divisor of G, then
Mp = Fp and we are done. If p is the largest prime divisor of G, then
M cannot be of prime index. For otherwise p would divide G x M! as
MG = 1, which is impossible when p > G xM. So again M ∈ Fpc=Mp.
Suppose now pi = p.
Certainly Mp ⊆ Fp and M ∈ Fp. But we even have M ∈ F p since r = q =
p, Q = N ∩P , and M ≥ NGY  ≥ NGP in this case. If p is not the largest
prime divisor of G, then Mp = F p and we are done. If p is the largest
prime divisor, then M cannot be of prime index and so M ∈ F pc = Mp.
Again we are done.
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Now we have that SecM is q-nilpotent by ∗ and hypothesis (c). From
NNY  ≤ N ∩M ∼= SecM we see that NNY  is q-nilpotent. It follows
by the Glauberman’s ZJ Theorem that N also is q-nilpotent since q > 2.
Thus N is a q-group and hence is pi-solvable.
Now both N and G/N are pi-solvable which implies that G is pi-solvable,
a contradiction.
The proof is now complete.
Immediatly we now have
Corollary 2.3.1. Let G be a group and p any xed odd prime. Then:
(1) G is p-solvable if and only if Sec(M) is nilpotent for all M ∈ F p.
(2) If p is the largest prime divisor of G, then G is p-solvable if and
only if SecM is p-nilpotent for all M ∈ F pc .
Corollary 2.3.2. Let G be a group, p an odd prime.
(1) G is solvable if and only if SecM is nilpotent for all M ∈ Fp.
(2) If p is the largest prime divisor of G, then G is solvable if and only
if SecM is nilpotent for all M ∈ Fpc .
Proof. Corollary 2.3.1 is obtained for pi = p. Corollary 2.3.2 is ob-
tained for pi = piG (add 3; 5 if necessary).
Remark. It is also not forbidden for G to be a p′-group in Case 1 of
both of the corollaries. In this case, Fp are all maximal subgroups of G and
F p is empty!
As applications of the above results, we want to show two results on a
normal index, i.e., we use pure arithmetic conditions to characterise the
structure of a group.
Theorem 2.4. Let G be a group. Then the following statements are pair-
wise equivalent:
(1) G is solvable.
(2) η?G xM = 1 for every maximal subgroup M of G.
(3) η?G xM is either a power of 2 or an odd number for every max-
imal subgroup M of G.
(4) η?G x M is a prime power for every maximal subgroup M ∈ Fp
where p is any given odd prime.
(5) η?G x M is a prime power for every maximal subgroup M ∈ Fpc
where p is the largest prime dividing G.
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Proof. Theorem 1.1 implies that 1 ⇔ 2. Statement (2) implies (3),
(4), and (5) trivially. We prove that Statement (3) implies (1). By Denition
1.3, η?G xM = SecM, so the condition of Statement (3) is equivalent
to the fact that SecM is a 2-group or a 2′-group. In particular, SecM
is 2-closed for every maximal subgroup M of G. Now Theorem 2.2 implies
that G is solvable.
Similarly, Statement (4) implies (1) and Statement (5) implies (1) by
Corollary 2.3.2(1) and Theorem 2.3.2(2) respectively.
Corollary 2.5. Let G be a group.
(1) Let p be the largest prime dividing G. Then G is p-solvable if and
only if η?G x M is a power of p or p′-number for every maximal subgroup
M ∈ F pc .
(2) Let p be any odd prime. Then G is p-solvable if and only if η?G x
M is either a power of p or a p′-number for every maximal subgroupM ∈ F p.
Proof. Statement (1) follows from Corollary 2.3.1(2) and (2) follows
from Corollary 2.3.1(1).
Finally, we pose the following question:
Question. For every maximal subgroup M of a group G assume that
SecM is supersolvable. Is G solvable?
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